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Model of Cg, fullerene, (H,0) 4o water, and other similar clusters
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An analytical calculation of the partition function for the lattice gas model of a finite fullerene type cluster
and of an infinite nanotube type cluster is presented. The method of calculation is based on the Vdovichenko
random walk approach. There appear to be two values of critical temperature, and the heat capacity in their
vicinities is proportional to T—T,) L.
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[. INTRODUCTION ditional field. In this case, if these conditions are fulfilled and
such clusters start to form, the density of water will become

The lattice gas model is well known and is widely used inmuch less than that of bulk water, and a low-density liquid
statistical mechanicgl]. It has a close relation to the Ising phase could appear.
model for the phase transition in a ferromagf#t If there is The goal of this paper is to analyze the symmetry proper-
a system of spins interacting with nearest neighbors and Idies of anAg, cluster and to present a calculation of the
cated in the vortices of a lattice of a certain symmetry, therpartition function for the corresponding lattice gas model
at a particular temperature spontaneous magnetization afhereA is an arbitrary atom or molecule initially able to form
pears. Similarly, at a particular temperature an atomic struca tetrahedral network, and hence potentially able to form a
ture consisting of the atoms interacting with nearest neighsoccer-ball cluster We are going to apply the Vdovitchenko
bors can appear. Analytical solutions for these models argethod for solution of the Ising problem. A detailed descrip-
known only for two-dimensional infinite planar structures tion of this method can be found [5]. The method is based
such as the square, the triangle, and the honeycomb lattice®n the calculation of the number of random walk loops on an
In three dimensions numerical methods are used. infinite flat plane with a certain symmetry type of the distri-

In the field of material science two problems that attractoution of vertices. In the problem under discussion here,
the attention of researchers are the formation, structure, arfbere is a finite set of vertices, but it can be shown that the
properties of fullerenes and the properties of water in specifitnethod remains valid for this case too. Extending the result
conditions when it demonstrates a kind of phase transitio®btained to an infinite clustésee below; we will be able to
between a low-density liquid phase and a high-density liquicdescribe such an interesting physical system as the carbon
phase at low temperatures. Not to discuss these questions fanotube. It will be shown that not only is the method used
detail, we address the reader to such review3a§ and to  here applicable to this system, but it is also free from certain
the great number of references mentioned there. The conapproximations used when dealing with finAg, clusters.
mon feature for both of these phenomena could be the sym-
metry of the corresponding atomimoleculay clusters.

The simplest fullerenénot to mention nanotubes yeire-
sents a cluster of 60 carbon atoms coordinated like the ver- In the further analysis we are going to consider a random
tices of a soccer ball with 12 pentagons and 20 hexagons agalk on a finite lattice that presents a set of vertices on a
facets. This conformation is possible because of the fousoccer-ball cluster surface. Every step of this walk covers a
chemical bonds characterizing a carbon atom. But this is nadingle bond and leads to one of the neighboring vertices.
the only atom(or moleculg with four bonds. A water mol- Every bond of the soccer-ball cluster has one and the same
ecule, for example, is able to create a tetrahedrally coordilength and every vertex has three nearest neighbors. The
nated open network with the help of four hydrogen bondssymmetry of the surface is rather complicated due to the
attached to every oxygen atom. When simulated on a conmexistence of both hexagons and pentagons as facets.
puter[6] in two dimensions, the “water molecules” aggre-  Thus, first of all, we have to topologically transform the
gated in groups that demonstrated a fivefold orientationasoccer-ball surface lattice in such a way that a convenient
order, while hexagonal symmetry was in a sense als@rocedure for the random walk calculation can be developed.
present. This result suggests the idea that, if the twokLet us assume that the bonds connecting the vertices are
dimensional surface had a curvature, then the water moklastic and can expand, although every single step in the
ecules could form a soccer-ball type structure having théuture random walk will still cover the whole bond between
oxygen atoms in the vertices. The recent resfiftsof a  the neighboring vertices. The topological transformation
numerical investigation of a microscopicspherical pore congoes in two stages. In the first stage we “pass a cylinder”
taining water molecules on its inside surface confirms such grough the opposite pentagons of the soccer ball and let the
possibility, at least in the case when there is an external fielélastic bonds with vertices stick around the cylinder. In the
of the pore’s walls. But the existence ofdXlusters chal- second stage we “inflate” this cylinder radially and obtain
lenges one to think thgH,0)g, clusters could also form in the lattice structure shown in Fig(a (pointsi andi’ coin-
certain thermodynamic conditions in the absence of any adkide,i=1,...,5. Now instead of a ball's surface we obtain a

Il. CALCULATION OF THE PARTITION FUNCTION
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12 3 4 5 variablesg{MV=1, ¢{M?= —1 and the lattice gas variables
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. =3 (a(m 7, o(M2)]. The expression fof has the form

s=> | Il (L+Xoy 0% +1) (1+ X0y 10ks1))
| o | iR

7 {k,l eL}

To calculate the polynomial in Eq2), a diagram tech-
nigue developed by Vdovichenko and discussedijrcan be
— used. Ifx corresponds to a bond between two neighbor ver-
— tices, the polynomial will correspond to the number of loops.
- Remarkl. It is important to emphasize that this technique
is designed in such a way that the loops containing the su-
12 Ty g g perposed bonds vanish. That is why this technique remains

al b] valid for the case of the finite lattice discussed héfidhis

also means that the same technique will apply for various
nanotubes of the same symmetry typdotice also that the
summation ovek andl here is different from what it is in the
case of an infinite planar lattice. Equatiofis and (2) give
{he exact value of the partition function.

With regard to Remark 1, the result of the calculation can
be written
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FIG. 1. View of the soccer-ball lattice after topological transfor-
mation. Pointd andi’ coincide fori=1,...,5.

cylinder side surface and a finite “square” lattice with true
(physica) periodic conditions. Every vertex has three neares
neighbors as initially, and every bond will be covered by a
single step of a random walk, according to our assumption:
There is an apparent division of vertices into two $e&nd o
L: R set contains the vertices having right nearest neighbors, s exp( _ 2 X' )
and L contains the vertices having left nearest neighbors s
[part of the border between the sets is shown in Fig) by
the dashed ling The structure obtained suggests the idea ofvheref, stands for the sum over single loopsraiteps each.
passing to a similar infinite structure following the same ruleNow let us introduceéN, (k,l,v)—the sum over all possible
[Fig. 1(b)]. This new structure obviously represents a nano{aths ofr steps starting from the given verteky(lq,vo) to
tube whose wall atoms are organized in a lattice with thahe vertex k,I,v) in such a way that the last step to the
same type of symmetry. One can see that the majority of theertex (,l,») does not take place from the direction[v
polygons in such a lattice are hexagons, which is in agree=1 (right), 2 (up), 3 (left), 4 (down]. According to the
ment with the known structure of carbon nanotubes. In thebtained symmetry structui@ig. 1), v=3 is forbidden for
following calculations we will discuss simultaneously both (k,1) e R, andv=1 is forbidden for k,I) L. Then, as in
the finite and the infinite lattices. [5], we get

The next step is to find an expression for the partition
function and calculate it. To have a clearer understanding of ”
the following, see the corresponding chaptef5h Let J be s=2N ex;{ Z lE
the nearest neighbor interaction energy; then the expression B
for the partition function can be written

()

kOi'O!VO) (4)

I\)|><

It is possible to get the recurrence relations betwéaén,

andW, from the definition ofW,(k,I,»). For R they can be
ZZE EX[{ @[ 2 (G'k,lo'k,|+l+ o-k,lo-k+1,l) written as
{o} {k,l e R}
W, 1 1(k,1,1)=0+explim/4)W,(k+1],2)+0
+ + .
{kJEEL} (010, 1+1 0‘k,|0‘k+1,|) } +exp(—imla)W, (k—1).4), (5)
— 2y—N
=S(1-x*)"", (1) W, 1(k,1,2)=exp(—i m/4)W, (k+1],1)+ 040
whereZ,, means the summation over all possible configu- +W,(k—1],4),
rations, ® =J/2kT, k is the Boltzmann constant is the
absolute temperature, the factois due to the double count- W, 1(k,1,3)=0+0+0+0,

ing of each pair of vertices while summing over both sets,

x=tanh®, and N is the number of vertices. Here we pre- y, (k,1,4)=exp(i m4)W, (k| +1,) + W, (k+1/,2)+0
serve for convenience the notation characteristic of a mag- '~ + nee T ' T
netic systen{the obvious correlation between the magnetic +0.
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Similarly, for L we get
W, 4(k,1,1)=0+0+0+0, (6)
W, 1(k,1,2)=0+0+exp(i m/A)W, (k,| —1,3) + W, (k
-1),4),
W, . 1(k,1,3)=0+exp —im/4)W,(k+1],2)+0
+exp(i w4 W, (k—1],4),
W, 1(k,1,4)=0+W,(k+1],2
+exp(—im/4W,(k,1-1,3 +0.

The exponential factors correspond to the turns needed
complete the loops. In a compact form E¢S). and (6) can
be expressed as

Wikl )= > AKIK T » )W, (K17,

! ’ !
k' 1" v

PHYSICAL REVIEW E64 016111

and

1
= r
T Z A @)
where\; are the eigenvalues of the matrix. Substituting Eq.
(7) into Eq. (3), we get

8
S=2"T] Vi—xx;. (8)
i=1

Now we come to the direct calculation of the partition
function and, consequently, we need the form of thena-

iX.
t Remark 2 In our case there are two sets of vertices and,
consequently, there are two systems of equations. This
means that the matrix of coefficients must have a Jordan
(norma) form.

To diagonalize the matri with respect to indicek and
I, the Fourier transformation is most convenient. Although

where the matrix\ elements can be associated with a “tran- according to the type of structure presented in Fig.ahd|

sition probability” per step for a randomly walking point.
The probability of having a path afsteps will thus be given

vary in different ways, we will approximate the Fourier
transform of A by a common expression,

by A'. The diagonal elements of this matrix present the

probability that the randomly walking point will return to its
original position after steps, and thus

THAD= 2 W, (ko,lo, 7o)

k0|0V0

|
0 ag? 0
a ™ 0 0
0 0O O
agt e 0
A(p,a,v[p,q,v")= 0 o 0
0 0O O
0 0O O
0 0O O

wherea=exp(mn/4) ande =2i/L. For the giverp andg a
simple calculation gives

8
[T (1—x\)=Det(5,, —xA,,)=(1—x?)?
i=1

2m(p—q)

—2x%(1—x?)| 1+cos 3

2m(p+q)

41p
+
COS L

+2x4 cos——. 9

2mi(pk+ql)

3 W, (k,1,v),

L
Wr(p.q,v)=; expg —

where L=+/N. Therefore, the matrix of coefficients.e.,

random walk transition probabilitiesvill have the form

ate™P 0 0 0 0
g P 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 ag”®  g7P
0 0 a leP 0 ag P
0 0 &P a ted 0

Finally, the substitution of Eq(9) into Eg. (8) and then

into Eq. (1) gives the expression for the partition functign

L
z=2Y1-x0)"N]] [(1—x2)2—2x2(1—x2)

1
P.g=0
2m(p— 2w(p+ 4p) 12
+cos (i q)Jrcos (ﬁ Rl +2x4cosTp] .

(10

This expression is a finite polynomial in the case offay
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model cluster, but for the infinite structure presented in Figobtained on a lattice with only 60 vertices. The important

1(b) this polynomial is infinite. particular feature of the system under discussion is the true
(physica) periodic conditions, which appear to lead to a
lIl. DISCUSSION “critical” behavior in this finite system. As we see from all

the arguments and calculations given above, we get the same

In order to describe the critical behavior of the system andesult for the infinite cluster, and this result does not contra-
to find the corresponding characteristics, a calculation of thejict [9]. But the character of the calculation that leads to the
thermodynamic potentiab = —kTIn Z should be performed. partition function expression is the same. This means that the
It should be mentioned here that, every time we speak of thpossibility of critical behavior here is due not to the infinite
exact results or of the critical features of the system’s behavaumber of counted loops, but to the fact that the majority of
ior, one should note that in the true sense this can be applieiese loops cancel out because of the superposition or inter-
only to nanotubes with infinite length, while for finite-length section of the loops’ bonds. Although further calculations
nanotubes or foAg, model clusters the results are approxi- based on the expression for the partition function are exact
mate. only for the infinite system and are approximate for the finite

The logarithm of the product gives the sum. Passing fronsystem, the character of the results must remain the same. A
summation to integration is the next approximation: in therigorous mathematical treatment of the role of true periodic
case of the finité\go model cluster lattice, the sum is neither conditions in the description of the critical behavior of a
infinite nor even very large, although in the case of(iafi- system constitutes a separate and wider problem.
nite) nanotube this approximation can lead to an exact result. Now we can get an expansion of the thermodynamic po-

Proceeding with the calculation, we obtain tential ® in powers oft (t=T—T.), whereT, is a critical
) temperature related tq. (x.=tanhJ/2kT.). The regular part
®=—NkTIn2+NKkTIn(1-x%) of this expansion can be simply replaced by its valuetfor

1 =0, while for its singular term we get

27 (27
_ 2\ 2_5y20q 2
NkT2><27-r fo fo In{(1—x%)*—2x7(1—x")

27 (2w
f f In(cyt+Crwi+ Cyw3)dw dw,,
X[1+cogw;— w;y) +COfwy+ wy)] o

+2x%cos 2w, }dw;dw,. (11) yvhere C1,C2,C5 are constants and,;>0. Carrying out the
integration, we obtain the singular term of the thermody-
The formation of the soccer-ball structure corresponds tdtamic potential near the transition point in the form
a phase transition, and tdefunction has a singularity at this b~ —citnt (12)
point. Notice that, when applied to the finiég, model clus- L '

ter, the lastapproximatg expression will not indicate a true The thermodynamic potential appears to be continuous

singularity but a sharp transition. In our case the singglarit_ynear the transition point, but the heat capa&hbecomes
corresponds to zero value of the logarithmic expression ifnfinite and is proportional to~

the integral in Eq.(11). As a function ofw; and w, this

expression has a minimum whesn = w,=0. If this condi- 1

tion is satisfied, the expression in the logarithm in Bd) is C~5— (13

equal to (1 x,)?—6x?(1—x2)+2x*. The last polynomial ¢

is a biquadratic equation with two positive roots which differs from the known logarithmic singularity. In a
recent papef10] there is a plot of the heat capacity vs tem-

X1 7= (%) 1= \E (4 \/7)%[0-86 perature for Goand Gy fullerenes, and the text near it reads:
1273 /1,2 N9 A 0.39 “It is interesting to notice that contrary to the majority of
organic substances the fullerenes’ heat capacity dependence
The last fact suggests that there are two critical temperaturem temperature has two inflection points.” This result based
corresponding to the formation of the soccer-ball structureon analysis of experimental data supports the theoretical re-
Analysis of the integral in Eq.11) shows that in the vicinity  sult obtained here.
of (x;),=0.39 the integral is always positive, while in the In conclusion, we can state the following. In this paper
vicinity of (x;);=0.86 it can take both signs. The corre- theoretical models of aAg, soccer-ball type finite structure
sponding values ok, for the square, the triangle, and the and of a similar symmetry type infinite nanotube structure
honeycomb infinite lattices afé] 0.44, 0.27, and 0.66. It is [Fig. 1 (b)] were discussed in the framework of the lattice
interesting to note that a direct numerical calculafiBhof = gas model. To apply the Vdovichenko method for the parti-
X. for the soccer-ball structure providex J,,nw=0.628, tion function calculation, the soccer-ball lattice was topologi-
which is equal to3 [(x.)1+ (Xc),] of the analytical result cally transformed into a lattice on a side surface of a cylin-
obtained here. der. Since the vertices of this lattice fall into two sets, it is
Remark 3 Here we would like to underline that the well essential to present the matrix of coefficients in a Jordan
known result[9] suggests that a phase transition can occuform. After that, the analytical form of the partition function
only in an infinite systenithe thermodynamic limjt Thus, for this model was found directly. In the case of the infinite
at first glance it seems doubtful that critical behavior can bdattice the expression for the partition function led to exact
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results, while for the finitéAgg clusters these results are ap- fullerene, but of various nanotubes of similar symmetry also.
proximate. The thermodynamic potential for this model ap-Strictly speaking, a regular nanotube of a certain type al-
pears to have two critical temperatures, corresponding to theeady presents the lattice on a side surface of a cylinder that
lattice formation. This is in accord with experimental datawas discussed above. In the case of long tubes there is no
for the dependence of the fullerenes’ heat capacity on temdirect contradiction of the statement madeg®, but as we
perature[10]. The arithmetic mean of the analytically found have shown clusters with trughysica) periodic conditions
critical parameters X;=tanhJ/2kT;) coincides with the can demonstrate such “critical” behavior also. The expres-
value of the same critical parameter for a soccer-ball clustegjon obtained for the partition function provides the possibil-

found numerically{8] with the help of a computer. The heat jty of calculating various thermodynamic parameters of in-
capacity singularity appears to be not logarithmic but in-tgrest.

versely proportional to the first power &f—T,.

This model can be used to describe the formation of such
physical systems as carbon fullerenes from the gaseous
phase, or the formation of (J@)gyice clusters from liquid
water, or the formation of other similar clusters consisting of | would like to express my gratitude to Professor H. E.
other atoms or molecules able to form a tetrahedrally coorStanley for keeping me informed of recent developments in
dinated network. In addition, this model is applicable forwater research and to I. S. Siparov for helpful discussions on
description of the formation not only of the classical geometric transformations.
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